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Cable structures are extensively used in different engineering
ﬁelds. Among them, particularly relevant in common design prac-
tice are cable-stayed bridges, suspension bridges, stressed ribbon
bridges, tensile structures, guyed masts, ﬂoating moorings and
overhead power and transmission lines.
Since their behavior is highly non linear, the analysis of cable
structures is very difﬁcult and requires sophisticated analytical or
numerical methods. A common technique to simplify the non lin-
ear analysis and speed up the solution of the problem, even using
reﬁned non linear ﬁnite element codes, it is to substitute each
cable with a suitable equivalent non linear truss element offering
the same global axial stiffness of the cable.
The classical approach, ﬁrstly proposed by Dischinger (1949)
and developed by Ernst (1965), is based on the equilibrium equa-
tion of the deformed conﬁguration of an inﬁnitely ﬂexible cable
subjected to its self weight or, more generally, to a uniformly dis-
tributed load~p acting along a given direction, assuming a parabolic
deformed conﬁguration. In a system of Cartesian axes with the y-
axis parallel to ~p, be assigned an inclined cable, that is a stay, sub-
ject to~p (Fig. 1). Let a and h, respectively, the horizontal projection
and the vertical projection of the cable chord l, u the inclination of
the chord with respect to the x-axis, N0 the horizontal component
of the tensile force acting on the cable and E the Young modulus of
the material, which is assumed to be linear elastic. Thus, the so
called equivalent modulus for the stay can be calculated usingll rights reserved.
fastwebnet.itthe Dischinger’s formula or the Ernst’s formula, still widely used
in current design practice. Dischinger’s formula gives the tangent
equivalent modulus in the form
Et;eq ¼ drde ¼
E
1þ ðcaÞ2
12r3t
E
; ð1Þ
where A0 is the cross section area, c is the speciﬁc weight of the
material or, more generally, the ratio between p and A0, and rt
the stress in the cross section where the tangent to the curve is par-
allel to the chord, namely
rt ¼ NtA0 ¼
N0
A0 cos u
¼ l
a
r0: ð2Þ
In Eq. (2), r0 represents the horizontal component of the normal
stress in the cable and Nt the axial force in the above mentioned
cross section and in the equivalent rod. To take into account the
elastic deformations of the cables, we should refer to the strained
area A1, but for engineering materials stressed up to the elastic lim-
it it is ðA0A1ÞA0 < 0:3%, so we can assume A1 ﬃ A0.
In Dischinger’s formula the term ðcaÞ2E=ð12r3t Þ takes into ac-
count the effects of the cable sag variation on the chord elongation.
In case of large stress variation, integrating the term ðcaÞ2E=ð12r3t Þ,
Ernst deduced the equivalent secant elastic modulus in the form
Es;eq ¼ rte ¼
E
1þ cað Þ2
24r3
t1
1þr
r2 E
; ð3Þ
where r ¼ rt2rt1, rt1 is the normal stress in the initial stage and rt2 the
normal stress in the ﬁnal stage.
Fig. 2. Deformed shape of the stay under self weight.
Fig. 1. Deformed shape of the cable under uniformly distributed load ~p and the
equivalent rod according Dischinger.
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and MacDonald, 2007; Caetano, 2007; Fleming, 1979; Freire
et al., 2006; Gimsing, 1997; Hajdin et al., 1998; Irvine, 1978,
1992; Li-Zhong et al., 2010; Pao-Hsii et al., 2002; Troitsky, 1998;
Tschemmernegg and Obholzer, 1981) have been devoted to reﬁne
the Dischinger’s formula, which does not fully take into account
the effect of the cable deformation on the external load
conﬁguration.
Among the enhanced solutions proposed until now, particu-
larly relevant it is that due to Irvine who, following the direct
force method, expressed the equivalent modulus through the
expression
Et;eq1 ¼ drde ¼
E
1þ k212
; ð4Þ
where k2 is a dimensionless parameter (Irvine parameter)
k2 ¼ cl
rt
 2 lE
rtLe
; ð5Þ
and Le is the so-called virtual length or equivalent length of the
cable given by
Le ¼
Z L
0
ds
dx
 3
dx: ð6Þ
being L the length of the cable. When the sag d is much smaller than
l, for instance d/l < 0.1, Le can be satisfactorily estimated through
Le ﬃ l 1þ 8 dl
 2 !
: ð7Þ
The parameter k2 is usually in the range 0–1 for cable stayed
bridges, even if for long stays it can attain values larger than three,
while, k2 is usually higher than 100 for suspension bridges (Caet-
ano, 2007).
To study non-linear behavior of heavy stays, we discuss here an
original rational criterion stemming from the virtual work princi-
ple, which allows not only to obtain directly the equivalent tangent
stiffness, but also to highlight its dependence on the direction of
the relative displacement of cable ends.
Obviously, the use of a single straight rod to model the cable
should be limited to the preliminary static analysis, but the model
can be extended without effort discretizing the cable in several ele-
ments and substituting each cable element with the equivalentrod. This could be particularly helpful also in view of the applica-
tion of step-by-step procedures for non-linear dynamic analysis
of cable structure, like that proposed by Nazmy and Abdel-Ghaffar
(1990).
We remark that actual behavior of cable-stayed bridges is often
governed by dynamic phenomena, like internal resonance (Fujino
et al., 1993) or frequency veering (Gattulli and Lepidi, 2007; Lepidi
et al., 2007), which can sensibly reduce their serviceability perfor-
mances, like remarked in Caetano et al. (2008). These aspects are
out of the scope of the present paper and the reader could refer, be-
sides the afore mentioned literature, for instance to the papers by
Irvine (1978), Triantafyllou (1984), Triantafyllou and Grinfogel
(1986), Svensson (2004) and Caetano (2007).2. The Bernoulli equation for the stay
The equation of the deformed conﬁguration of an inextensible
cable of constant cross section A0, suspended between the ends A
and B and subject to its self weight ~pðsÞ (Fig. 2) is the catenary
yðxÞ ¼ N0
p
cosh
p
N0
xþ C1
 
þ C2; ð8Þ
where the constants C1 and C2 are determined by the boundary con-
ditions. As known, Eq. (4) can be derived from the global equilib-
rium equation of the cable in the interval [A,C] (Fig. 3), where ~RA
is the reaction force at the end A and ~NðsÞ the tensile force at the
end C of the interval,
In the present case, setting the origin of the coordinate system
at the end A of the cable and considering that a and h are the
orthogonal projections of the cable chord l on the Cartesian axes,
the boundary conditions are yð0Þ ¼ 0 and yðaÞ ¼ h. Since the condi-
tion yð0Þ ¼ 0 is satisﬁed when
C2 ¼ N0p cosh C1; ð9Þ
Eq. (4) becomes
yðxÞ ¼ N0
p
cosh
p
N0
xþ C1
 
 cosh C1
 
ð10Þ
from where, taking into account the other boundary condition
yðaÞ ¼ h, we obtain
coshC1 cosh
p
N0
a
 
 1
 
þ hp
N0
¼ sinh p
N0
a
 
sinh C1: ð11Þ
:Fig. 4. Stay running over pulleys in A or B (l = const).
Fig. 3. Forces acting on the cable in the interval [A,C].
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right-hand member of (11) is positive, so that real solutions of (7)
exist if and only if sinh C1 6 0, that is C1 6 0. Squaring the twomem-
bers of (11) and solving with respect to cosh C1, we obtain the po-
sitive root
cosh C1 ¼ hp2N0 þ
1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh
p
N0
a
 
þ 1
 
hp
N0
 2
cosh
p
N0
a
 
 1
 1
þ 2
" #vuut
ð12Þ
Setting
A ¼ hp
2N0
þ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh
p
N0
a
 
þ 1
 
hp
N0
 2
cosh
p
N0
a
 
 1
 1
þ 2
" #vuut
¼ hc
2r0
þ 1
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cosh
c
r0
a
 
þ 1
 
hc
r0
 2
cosh
c
r0
a
 
 1
 1
þ 2
" #vuut
>
hc
2r0
þ 1 > 1;
ð13Þ
the unique real solution of (11) is given by
C1 ¼ arccoshA; ð14Þ
so that, the cable equation ﬁnally results
y xð Þ ¼ N0
p
A cosh
p
N0
x
 
 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2  1
p
sinh
p
N0
x
  
¼ r0
c
A cosh
c
r0
x
 
 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2  1
p
sinh
c
r0
x
  
: ð15Þ
Obviously, the cable length isL ¼
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx ¼
Z a
0
cosh
p
N0
xþ C1
 
dx
¼ N0
p
sinh
p
N0
a arccoshA
 
þ sinh arccoshAð Þ
 
¼ r0
c
sinh
c
r0
a arccoshA
 
þ sinh arccoshAð Þ
 
: ð16Þ
Since the variation of the self-weigth p due to the elastic deformation
is usually small, Eq. (4), which is written in the ﬁnal conﬁguration, de-
scribes also the elastic catenary, even in case of pretensioned cables.
3. The theorem of virtual works for the stay
The non linear behavior of the cable can be studied by applying
the theorem of virtual works to the cable in the deformed conﬁg-
uration and considering a virtual relative displacement d~w of the
cable ends A and B, not necessarily in the direction of the cable
chord, z. Differently from the case of horizontal cable (Croce, sub-
mitted for publication), where the response is independent on the
vertical component of the end reactions, in an inclined cable the ef-
fect of the vertical end reactions cannot be ignored. In fact, under
the same chord length variation dl, the stay generally exhibits dif-
ferent responses, according to sign and magnitude of the vertical
displacement components dyA and dyB of the ends A and B. For this
reason, separate solutions will be given considering in turn the end
A as ﬁxed and the end B moving or vice versa.
Depending on the cable’s constraints at its ends A and B, two
relevant cases can be envisaged when the cable ends A and B are
displaced, respectively, by d~wA, in A0 or by d~wB, in B0.
In the ﬁrst case, for instance representing the initial state of a
real stay during the tensioning phase, the deformed cable conﬁgu-
ration is constrained to pass for two ﬁxed points A or B, so that the
length and the direction of the cable chord are not affected by the
displacements d~wA and d~wB of the cable ends. Hence, since dis-
placements d~wA and d~wB entirely result in a variation dL of the
length L of the cable, we can assume that in this case the cable runs
over a pulley turning around A or B (Fig. 4).
In the second case, displacement case, corresponding to the
most common working condition of the stay, the cable ends are
ﬁxed in A and in B: in this case, consequence of the displacements
d~wA and d~wB is a variation dl of the chord l (Fig. 5).
In both cases, the equation of the virtual works can be written as
ð~NCi þ d~NCi Þ  d~WCi þ
Z L
0
pdyds ¼
Z L
0
Ndeds; ð17Þ
where Ci is the cable end (A or B) which is displaced. In Eq. (17) dy
represents the variation of the ordinate y(x) (15) due to the cable
Fig. 5. Stay with ends ﬁxed in A and B.
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strain variation and L the stay length.
As d~N  d~w is negligible with respect to ~N  d~w, Eq. (17) reduces
to
~NCi  d~WCi þ
Z L
0
pdyds ¼
Z L
0
Ndeds: ð18Þ
The variation of the cable ordinate dy in x is due both to the end
displacement components, da, and dh, and to the variation of the
horizontal component of the normal force, dN0. It can be consid-
ered as the sum of two terms, the former, dyinex, due to the conﬁg-
uration change of the cable assumed to be inextensible, the latter,
dye, due to the elastic deformations associated with the variation of
normal force, dN0, so that
dy ¼ dyinex þ dye: ð19Þ
Since the variations da, dh and dN0 act on the ‘‘initial’’ cable con-
ﬁguration expressed by the Eq. (15), the variation of the ordinate
dyinex in the cable made by inextensible material can be obtained
differentiating (15). Considering that, given x, y(x) depends only
on N0, a and h, it results
dyinex ¼
@y
@a
daþ @y
@h
dhþ @y
@N0
dN0; ð20Þ
which reduces to
dyinex ¼
dy
dN0
dN0; ð21Þ
when a and h are constant, that is da = 0 and dh = 0.
According to Irvine (1992), the variation of the cable ordinate
dye due to the elastic deformation depends on the vertical compo-
nent of the normal force and can be evaluated recalling that, for aZ a
0
p
@y
@a
da
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
q
dx ¼ N0 da
16 h pN0
1
A 2
 
20A A h pN0
 
þ 1 24A2 þ 2

þ4A A h pN0
 
cosh 2p aN0
 
þ 2 4 AT

þ cosh 3p aN0
 
þ
3 AT þ 4 h
2 p2
N20
A
T 
24 h pN0 T þ 8
h2
N
0
B@
4T A h pN0
 
sinh 2p aN0
 
 AT sinh
þ2 h pN0  2A
 2
p a
N0
 4 TA
 
tanh p2

0
BBBBBBBBBBBBBBBB@linear elastic material, the elastic deformations’ contribution to the
ﬁnal cable conﬁguration, that we have tacitly considered in the
derivation of the cable’s Eq. (15), can be expressed by
ye sð Þ ¼
N0
EA0
y0ð0Þs p s
2
2EA0
¼  N0
EA0
y0ðaÞsþ p s
EA0
L s
2
 
: ð22Þ
Differentiating (22) with respect to N0, we obtain then
dye ¼
y’ð0Þ
EA0
þ N0
EA0
dy’ð0Þ
dN0
 
sdN0
¼  y’ðaÞ
EA0
 N0
EA0
dy’ðaÞ
dN0
 
sdN0: ð23Þ
We discuss in the following section only the case of the stay ﬁxed at
its ends A and B (Fig. 5), referring to Appendix A for the other case
(stay running over a pulley, Fig. 4).
4. Non linear behavior of stay of uniform cross section ﬁxed at
its ends
In case of stays ﬁxed at their ends (Fig. 5), generality is main-
tained if one end of the stay is considered ﬁxed, and relative dis-
placements are imposed to the other end. Setting da > 0 and
dh > 0 when they determine lengthening of the chord, let
d~wA ¼ ðda;dhÞ or d~wB ¼ ðda; dhÞ the end displacements, accord-
ing as end A or end B is moving. In this case dyinex is given by (20)
and Eq. (18) becomes
N0ðdaþ y0ðCiÞdhÞ þ
Z L
0
p
@ye
@N0
dsdN0
þ
Z a
0
p
@y
@N0
dN0 þ @y
@a
daþ @y
@h
dh
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx
¼ N0dN0
EA0
Z a
0
1þ y02	 
32dx: ð24Þ
The calculations of integrals
R L
0 p
@ye
@N0
dsdN0 and
R a
0 p
@y
@N0
dN0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx
as well as the work of internal forces in the cable are illustrated in
Appendix A and the results are given by Eqs. (A.6), (A.8) and (A.10),
respectively.
In Eq. (A.10), concerning the work of the internal forces, we can
easily recognize the Irvine parameter, which results:
k2 ¼ 12 ca
r0
 2 caE
r20 C
ð25Þ
where C is given by (A.11).
At this point, only the work of the self weightZ a
0
p
@y
@a
daþ @y
@h
dh
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
q
dx; ð26Þ
needs to be evaluated, to complete the solution.
Performing the calculations, we obtain4 h pN0 A 12
h2 p2
N20

cosh paN0
 
h2 p2
N20
 ah2 p3
N30

coth p a2N0
 
4 a pN0 þ 24AT
p2
2
0
T
A
1
CA sinh p aN0
 
3p a
N0
 
a
N0

1
CCCCCCCCCCCCCCCCA
¼ DN0 da ð27Þ
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Z a
0
p
@y
@h
dh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx
¼
2 A2T þ 4 h pN0 AT þ 4
ap
N0
A 2 a h p2
N20
 8T þ 3 hpN0 TA
þ4 AT h pN0 þ 2T  TA
h p
N0
 
cosh a pN0
 
 8A sinh a pN0
 
þ 2 A2T þ TA h pN0
 
cosh 2a pN0
 
 2Aþ h pN0
 
sinh 2a pN0
 
0
BBBB@
1
CCCCA
 N0 dh
8 2 h pN0 1A
  ¼ HN0 dh; ð28Þ
where D and H are given, in terms of r0 and c, byD ¼ 1
16 h cr0
1
A 2
 
1 24A2 þ 24 h cq0 A 12
h2 c2
r20
 
cosh car0
 
þ 4A A h cr0
 
cosh 2c ar0
 
þcosh 3c ar0
 
þ 2 4 AT h
2 c2
r20
 ah2 c3r30
 
coth c a2r0
 
 4T A h cr0
 
sinh 2c ar0
 
þ 3 AT þ 4 h
2 c2
r20
A
T  4 a cr0 þ 24AT  24
h c
r0
T þ 8 h2 c2r20
T
A
 
sinh c ar0
 
 AT sinh 3c ar0
 
þ 2 h cr0  2A
 2 c a
r0
 4 TA
 
tanh c a2r0
 
þ 20A A h cr0
 
0
BBBBBBBBB@
1
CCCCCCCCCA
ð29Þand byH ¼ 1
8 2 h cr0 1A
  4
h c
r0
A
T þ 4 a cr0 A 2
a h c2
r20
 8T þ 3 h cr0 TAþ 4 AT
h c
r0
þ 2T  TA h cr0
 
cosh a cr0
 
þ 2 A2T þ TA h cr0
 
cosh 2a cr0
 
 8A sinh a cr0
 
 2Aþ h cr0
 
sinh 2a cr0
 
 2 A2T
0
B@
1
CA: ð30ÞHence, recalling that
N0ðdaþ y0ð0ÞdhÞ ¼ N0ðdaþ T dhÞ; ð31:aÞ
N0ðdaþ y0ðaÞdhÞ ¼ N0 da sinh paN0  arccoshA
 
dh
 
ð31:bÞ
and that dh > 0 implies negative displacement at the end A, from Eq.
(24) we derive
ðð1þ DÞdaþ ðT  HÞdhÞ ¼ N0 dN0
12EA1 p
C  ðBþ G1ÞdN0N0 ; ð32:aÞ
ð1þ DÞdaþ  sinh pa
N0
 arccoshA
 
þ H
 
dh
 
¼ N0 dN0
12EA1 p
C  ðBþ G1ÞdN0N0 ð32:bÞ
or, equivalently,
ðð1þ DÞdaþ ðT  HÞdhÞ ¼ r0 dr0
12Ec
C  ðBþ G1Þdr0r0 ; ð33:aÞ
ð1þ DÞdaþ  sinh ca
r0
 arccoshA
 
þ H
 
dh
 
¼ r0 dr0
12Ec
C  ðBþ G1Þdr0r0 : ð33:bÞUnder the usual hypotheses, projecting da and dh on l, assuming
that du u and l cos du ﬃ l and disregarding inﬁnitesimals which
are of higher order, the chord elongation dz can be written (Fig. 5)
dz ﬃ dacosuþ dh sinu ¼ a
l
daþ h
l
dh; ð34Þ
which becomes, setting dh = k da when da–0,
dz ¼
aþkh
l da if da– 0;
h
l dh if da ¼ 0:
(
ð35Þ
Making use of (35) and recalling that dez ¼ dzl , the left-hand
members of Eqs. (33) can be expressed in terms of dz only, so that
the equivalent modulus Eft,eq can be derived from1
Eft;eqA
¼ dez
drt
¼ a
l
dez
dr0
¼
a aþkhð Þ r012ElcC BþG1ð Þ 1lr0
 
1þDð Þþk THð Þð Þl2 if da– 0;
ah
r0
12ElcC BþG1ð Þ 1lr0
 
THð Þl2 if da ¼ 0
8>>><
>>:
ð36:aÞ
for an arbitrarily given displacement d~wA of the end A, and
from1
Eft;eqB
¼ dez
drt
¼ a
l
dez
dr0
¼
a aþkhð Þ r012ElcC BþG1ð Þ 1lr0
 
1þDð Þþk  sinh car0arccoshA
 
þH
  
l2
if da– 0;
ah
r0
12ElcC BþG1ð Þ 1lr0
 
Hsinh car0arccoshA
  
l2
if da ¼ 0
8>>>><
>>>>:
ð36:bÞ
for an arbitrarily given displacement d~wB of the end B.
Besides the case k = h/a, corresponding to a total displacement
occurring along the chord direction, particularly remarkable in
current practice are the cases da = 0 and dh = 0. The case da = 0 oc-
curs when a vertical displacement is imposed to the cable end,
like at the stay-deck attachments of cable stayed bridges, while
the case dh = 0 occurs when a horizontal displacement is imposed
to the cable end, like at the stay-pylon attachments. From (36) it
results
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Eft;eqA < Eft;eqB if  ah < k < 0;
Eft;eqA ¼ Eft;eqB if k ¼ 0:
8><
>: ð37Þ
It must also be emphasized that the apparent modulus can re-
sult larger, even signiﬁcantly, than E, for example when kdh > 0
in A, because of the weight of the cable. In this case, for r?1,
the curves Eft,eqA = Eft,eqA(r) and Eft,eqB = Eft,eqB(r) approach the hori-
zontal asymptote Eft,eq = E from above and from below, respec-
tively. In addition, an in-depth examination of the formula (36.b)
induces to infer that negative values of the apparent modulus at
the cable end B cannot be excluded, for example when r0 is small
and k > 0, and that the region where the apparent modulus is neg-
ative raises as the span increases. Negative values of the apparent
modulus, clearly unacceptable in design practice, happen when in-
crease of the chord length implies decrease of the stress at the
cable end, or vice versa: this is again due to the cable weight.
These results suggest to resort to a more operational deﬁnition
of the equivalent modulus, in some way accounting for the weight
effects described before. In fact, in the usual mechanical model the
cable is replaced by a weightless straight rod, and the weight of the
cable is concentrated at the ends of the equivalent rod. From now
on, an improved equivalence can be established subtracting fromFig. 6a. K = K(rt) curves for steel cables, a = 10
Fig. 6b. K = K(rt) curves curves for steel cables, athe work done by the cable weight for the end displacement dh,
the work amount associated with rigid body motion, Wpr,
Wpr;A ¼
Z L
0
p
ðxaÞ
a
dhds¼
Z a
0
p
x
a
dh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þy02
p
dxpLdh
¼ N0 AN0ap Tþ
N0
ap
A
 
cosh
ap
N0
 
þ AþN0
ap
T
 
sinh
ap
N0
  
pL
 
dh
¼PA dh; ð38:aÞ
Wpr;B ¼
Z L
0
p
x
a
dhds¼
Z a
0
p
x
a
dh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
q
dx
¼N0 AN0ap Tþ
N0
ap
A
 
cosh
ap
N0
 
þ AþN0
ap
T
 
sinh
ap
N0
  
dh
¼ PB dh;
ð38:bÞ
where PA and P

B ¼ pL PA represent the concentrated forces to be
applied at the ends of the equivalent rod to reproduce the works
Wpr,A and Wpr,B. In current design practice, when the sag of the stay
is small, it is possible to simplify drastically Eqs. (38), considering,
as usual, the cable weight concentrated half-and-half at the ends
of the rod, so assuming0 m, horizontal end displacement (dh = 0).
= 100 m, vertical end displacement (da = 0).
Fig. 6c. K = K(rt) curves for steel cables, a = 100 m, along the chord displacement (k = h/a).
Fig. 7a. K = K(rt) curves for steel cables, a = 300 m, horizontal end displacement (dh = 0).
Fig. 7b. K = K(rt) curves for steel cables, a = 300 m, vertical end displacement (da = 0).
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Fig. 7c. K = K(rt) curves for steel cables, a = 300 m, along the chord displacement (k = h/a).
Fig. 8a. K = K(rt) curves for steel cables, a = 600 m, horizontal end displacement (dh = 0).
Fig. 8b. K = K(rt) curves for steel cables, a = 600 m, vertical end displacement (da = 0).
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Fig. 8c. K = K(rt) curves for steel cables, a = 600 m, along the chord displacement (k = h/a).
Fig. 9a. K = K(rt) curves for aramidic ﬁber cables, a = 100 m, horizontal end displacement (dh = 0).
Fig. 9b. K = K(rt) curves for aramidic ﬁber cables, a = 100 m, vertical end displacement (da = 0).
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Fig. 9c. K = K(rt) curves for aramidic ﬁber cables, a = 100 m, along the chord displacement (k = h/a).
Fig. 10a. K = K(rt) curves for carbon ﬁber cables, a = 100 m, horizontal end displacement (dh = 0).
Fig. 10b. K = K(rt) curves for carbon ﬁber cables, a = 100 m, vertical end displacement (da = 0).
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Fig. 10c. K = K(rt) curves for carbon ﬁber cables, a = 100 m, along the chord displacement (k = h/a).
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pL
2
ﬃ pl
2
: ð39Þ
Thus, taking into account (38), Eqs. (36) turn into
1
Eft;eqA
¼
a aþkhð Þ r012ElcC BþG1ð Þ 1lr0
 
1þDð Þþk TH
P
A
r0A0
  
l2
if da– 0;
ah
r0
12ElcC BþG1ð Þ 1lr0
 
TH
P
A
r0A0
 
l2
if da ¼ 0;
8>>>><
>>>>:
ð40:aÞ1
Eft;eqB
¼
a aþkhð Þ r012ElcC BþG1ð Þ 1lr0
 
1þDð Þþk  sinh car0arccosh A
 
þHþ
P
B
r0A0
  
l2
if da– 0;
ah
r0
12ElcC BþG1ð Þ 1lr0
 
Hþ
P
B
r0A0
sinh car0arccosh A
  
l2
if da ¼ 0:
8>>>>><
>>>>:
ð40:bÞ
With the exception of the cases when the cable is very ﬂabby
and da dh, Eqs. (40.a) and (40.b) lead to the same result in all
the practical design range, that is when the stresses are large en-
ough to assure a signiﬁcant value of the equivalent modulus. For
this reason in the following we simply refer to Eft,eq, which is the
arithmetic mean of Eft,eqA and Eft,eqB.
It is useful to emphasize that, from the practical point of view,
the signiﬁcance of formulae given above is much wider than one
might assume at ﬁrst sight. In fact, they can be easily integrated
numerically, allowing the precise evaluation of the non-linear con-
stitutive equations ~NA ¼ ~NAðd~WAÞ and ~NB ¼ ~NBðd~WBÞ for the cable,
or r ¼ rðezÞ for the equivalent truss element, once the initial stress
is assigned, and also considering the chord length variation, if
necessary.5. Three signiﬁcant examples
To discuss the consequences of the adoption of Eqs. (40) and to
assess the validity of Dischinger’s formula, Eqs. (40) have been ap-
plied to evaluate the equivalent along the chord stiffness Eft,eq in
some signiﬁcant examples, referring to typical cable materials, like
steel, which is the most commonly used, aramidic ﬁbers, and car-
bon ﬁbers.
Concerning steel cables, three different cases, a = 100 m,
a = 300 m, a = 600 m, have been studied, in order to reasonably
cover the common ﬁelds of application. In each example, the differ-
ence in height of the two cable ends has been assumed varying in
the range 0–300 m, which represents the working domain we canexpect in practice, for example, considering the longest span cable
stayed bridges. For steel cables, according to common design prac-
tice, Young modulus and the speciﬁc weight have been assumed
equal to E = 180 000 MPa and c = 0.0785 MN/m3, respectively. In
addition, the just recalled signiﬁcant alternatives dh = 0, da = 0
and k = h/a have been taken into account, to call the attention on
the dependence of Eft,eq on dw.
Said K the ratio between the equivalent elastic modulus and the
Young modulus,
K ¼ Eft;eq
E
; ð41Þ
curves K = K(rt) are shown in Figs. 6a–6c for a = 100 m, in Figs. 7a–
7c for a = 300 m and in Figs. 8a–8c for a = 600 m; being, obviously,
lim
rt!1
K ¼ 1: ð42Þ
Figures marked with ‘‘a’’ refer to horizontal end displacements,
dh = 0; ﬁgures marked with ‘‘b’’ refer to vertical end displacements,
da = 0; ﬁnally, ﬁgures marked with ‘‘c’’ refer to end displacements
along the chord direction (k = a/h). In ﬁgures ‘‘c’’ are also reported
the K = K(rt) curves derived from the Dischinger’s formula (1).
Inspection of the diagrams proves that Eft,eq can be signiﬁcantly
smaller than E and that its value depends on the direction of the
end displacements. Generally, given the positions of cable ends,
or, to be precise, given a and h, the equivalent stiffness correspond-
ing to speciﬁc value of the normal stress rt is minimum when the
ends are displaced horizontally (dh = 0) and it raises as k increases.
For an assigned value of the horizontal projection of the chord, a,
the equivalent stiffness reduces, even considerably, when the incli-
nation of the stay becomes signiﬁcant.
As previously shown (Croce, submitted for publication), in case
of horizontal cables the use of Dischinger’s formula (1) to estimate
Eft,eq can be considered satisfactory, except when the stress in the
cable is very low, that is when the sag to chord ratio is signiﬁcant.
But for inclined cables Dischinger’s formula can lead instead to
unacceptable overestimates of the equivalent stiffness also when
the stress in the cable is high and the sag is very small, being the
errors increasing with the slope of the stay. This conﬁrms that
the inﬂuence of the self weight component pz on the non linear
behavior of the stay cannot be ignored.
In current design practice, the efﬁciency of cables made by dif-
ferent materials is measured by means of two ad hoc parameters,
the speciﬁc strength, ft/q, which is the ratio between the ultimate
strength ft and the density q of the cable, and the speciﬁc stiffness,
E/q, which is the ratio between the elastic modulus and the den-
sity. For steel cables, ftﬃ1770 MPa, so that ft/qﬃ229 kNm/kg and
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have been then inspected taking into account two innovative cable
materials, normal modulus aramidic ﬁber and carbon ﬁber. These
materials are particularly important since they exhibit, in compar-
ison with steel, more favorable values of speciﬁc strength and
speciﬁc stiffness; in effect, they are characterized by high strength
and relatively high elastic modulus associated with low density. In
the examples, we adopted E = 70500 MPa, ftﬃ2900 MPa and
c = 0.0144 MN/m3 for normal modulus aramidic ﬁber, for which
ft/qﬃ203 kNm/kg and E/qﬃ49 MNm/kg; and E = 170000 MPa,
ftﬃ2500 MPa and c = 0.0156 MN/m3 for carbon ﬁber, for which ft/
qﬃ160 kNm/kg and E/qﬃ109 MNm/kg. Similarly to steel cables’
case, results in terms of K = K(rt) curves are shown in Figs. 9a–9c,
concerning aramidic ﬁber cables, and in Figs. 10a–10c, concerning
carbon ﬁber cables.
Inspecting the curves in Figs. 9 and 10 and comparing them
with those obtained for steel cables we can conﬁrm the general
validity of what remarked about steel cables. In addition, we can
also observe that an increase of the speciﬁc stiffness reduces the
non linear effects only if the densities of the materials or their elas-
tic moduli are considerably different, like it occurs when aramidic
ﬁber or carbon ﬁber cables are taken into account instead of steel
cables. On the contrary, when material with comparable densities
are considered, non linear effects are more marked as much as the
speciﬁc stiffness increases. This corroborates what observed for
horizontal cables: since in an assigned cable conﬁguration the
non linear effects depend on the work of the self weight of the
cable, which is little inﬂuenced by the elastic deformations of the
cable, in material with similar densities the inﬂuence of the self-
weight increases as the Young modulus decreases.
6. Conclusions
The non-linear behavior of stays subject to self-weight has been
extensively studied, starting from formulation due to Dischinger,
which is still commonly used, even if several modiﬁcation have
been proposed in order to obtain more reﬁned solution, like that
due to Irvine. The main research effort has been devoted to try to
remove the weak point of the Dischinger’s solution, that refers sub-
stantially to the horizontal cable solution, ignoring the inﬂuence of
the component of the self-weight acting along the cable chord
direction. The question is very relevant for practical applications,
as the results enable considerable simpliﬁcations of non linear
analyses, where cables or parts of cables can be replaced with
equivalent linear truss elements.
Starting from the classical catenary equation, the present work
presents a methodology, based on the application of the theorem
of virtual works, to investigate the non linear behavior of heavy
stays, allowing to evaluate the along the chord stiffness of the cable
to be assigned to equivalent truss elements. The rational solution
obtained here is valid under arbitrary relative end displacements
and can be applied to all the possible cases to be tackled in the cur-
rent design practice for stays and cables’ parts subject to self
weight. Obviously, the solution covers also horizontal cable as a
particular case. Two different equations are given, depending on
the ends of the cable are ﬁxed, like in normal working conditions,
or one end is ﬁxed and the other is running over a pulley, like in the
cable tensioning phase.
The proposed formulation has been applied to some relevant
cases, concerning stays with ﬁxed ends, characterized by horizon-
tal projection of the chord, a, varying in the range 100–600 m and
vertical projection of the chord, h, varying in the range 0–300 m,
for a variety of end displacements, so covering the most commoncases which can occur in usual applications. Results demonstrate
that, differently from the horizontal cables case, in case of stays
the use of Dischinger’s formula often leads to unacceptable overes-
timates of the equivalent stiffness also when the stress in the cable
is high and the sag is very small and that the errors increase with
the slope of the stay.
Results have been extended to other cable materials, so high-
lighting that the inﬂuence of non linear effects in the cable depends
not only on the speciﬁc stiffness, but also on the elastic modulus
and on the density of the material. Other relevant practical cases
can be solved in similar way, like in suspension bridges, where hor-
izontal and inclined cables are subject to uniformly distributed
loads and they take a parabolic conﬁguration. Beside that, other
promising extensions can be envisaged, taking also into account
the bending stiffness of the cable.
Since the equivalent stiffness of the cables depends on the rel-
ative displacements of the cable ends, we intend to devote further
studies to investigate how this phenomenon impacts the dynamic
behavior of inclined stays, not only in terms of natural frequencies
but, more specially, in terms of mode shapes. Effectively, since the
natural frequencies of taut stays obtained by Irvine (1978) using a
simpliﬁed model are practically equal to those obtained with much
more sophisticated models by Triantafyllou (1984), Triantafyllou
and Grinfogel (1986) and Svensson (2004), we can conclude at this
stage that natural frequencies are moderately inﬂuenced by the
aforesaid phenomenon, but we must also highlight that mode
shapes derived by Triantafyllou and Grinfogel (1986) and Irvine
(1978) signiﬁcantly differ.
Appendix A. Non linear behavior of stay of uniform cross
section running over a pulley
In case of stay running around a ﬁxed pulley (Fig. 4), a and h are
ﬁxed, so that dyinex is given by (21) and, considering that the mate-
rial is linear elastic, Eq. (18) becomes
NCi dLþ
Z L
0
p
dy
dN0
dN0 ds ¼
Z L
0
N
EA0
dNds: ðA:1Þ
With simple passages, Eq. (A.1) reduces to
N0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y0 x Cið Þð Þ2
q
dLþ
Z L
0
p
@ye
@N0
dsdN0 þ
Z a
0
p
@y
@N0
dN0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx
¼ N0 dN0
EA0
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ð Þ3
q
dx ðA:2Þ
from which we obtain
N0AdLþ
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0
p
@ye
@N0
dsdN0 þ
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0
p
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@N0
dN0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
p
dx
¼ N0 dN0
EA0
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02	 
3q dx; ðA:3:aÞ
at the end A and
N0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
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2
 
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2pa
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 ATsinh 2pa
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p
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þ
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p
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02
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dx ¼ N0dN0
EA0
Z a
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ð Þ3
q
dx: ðA:3:bÞ
at the end B, where A is given by (13) and T, which is a real number
since A > 1, is
T ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A2
q
¼ sinhðarccoshAÞ: ðA:4Þ
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dN0
¼ p @y
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þ Tsinh px
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4N20
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CCCCCCCCCCCA
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ðA:5Þthe work of the self weight due to the displacement state in Eqs.
(A.3) resultsZ a
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p
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1þ y02
p
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where
B ¼ 1
32
B1 þ B2 þ B3 þ B4 þ B5 þ B6 þ B7 þ B9ð Þ ðA:7Þ
and terms of expression (A.7) are given in Appendix B, formulae
(B.1)–(B.7) and (B.9).
The work of the self weight due to the elastic deﬂection is given
instead byZ L
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p
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sds
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In its turn, the right-hand side of Eqs. (A.3), representing the
work of internal forces in the cable, is given by
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: ðA:11ÞBy using these results and simplifying, Eqs. (A.3) give
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according as the stay is pulled from end A or from end B. Assuming
now that the stay is pulled in the chord direction and introducing
the apparent strain variation along the chord
dez ¼ dzl ¼
dL
l
¼ dl
l
; ðA:14Þ
Eqs. (A.13) become
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at the ends A and B, respectively. Therefore, a more precise deﬁni-
tion of the equivalent modulus, including also the effect of weight
of the cable, derives from the equations
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where rt is the reference stress in the chord direction, previously
deﬁned and given by (2). Since B is supposed to be below A, it obvi-
ously results Ept,eqA > Ept,eq, in consequence of the weight of the
cable.
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